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Fig. 1. Hollow Tree. Fluid fills in a complex boundary, involving 978K fluid and 1.75M boundary particles. Given a tight density error tolerance of 0.01%, our
solver resolves each frame of this challenging scenario in fewer than 5 iterations, each of which involves an inner linear system solver for the subproblem.

Enforcing incompressibility has been extensively studied in smoothed parti-
cle hydrodynamics (SPH) fluid simulation. A variety of methods have been
developed to this end, particularly based on implicit formulations to ensure
stability and efficiency, which results in iterative pressure solvers. How-
ever, these iterative solvers, typically adopting the projected relaxed Jacobi
(PRJ) method for the constant density constraint, suffer from slow conver-
gence, mainly due to under-relaxation required for stability. In this paper,
we interpret the PR] iteration as an explicit fixed-point update that projects
velocity onto the constraint manifold, and propose its implicit counterpart,
the implicit velocity projection method. Our method enables significant over-
relaxation, which leads to fast convergence while maintaining robustness,
thereby achieving substantial performance gains. Our comprehensive ex-
periments, including studies on different solvers with varying relaxation
parameters, timestep sizes, density-error tolerances, and scene scales, demon-
strate the superiority of our method over standard SPH methods.
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1 Introduction

SPH is widely used in computer graphics to simulate incompress-
ible fluids, thanks to its versatility in handling free-surface flows
and complex boundaries as well as extensibility for multi-material
scenarios. Thus, improving the stability and efficiency of the SPH
simulation method offers significant benefits to many computer
graphics applications.

A central challenge in SPH simulation for incompressible fluids
lies in enforcing the incompressibility condition, which is crucial
for preventing undesired visual artifacts. While various approaches
have been proposed to this end, the pressure Poisson equation (PPE)
based approach has become dominant; the representative methods
include predictive-corrective incompressible SPH (PCISPH) [So-
lenthaler and Pajarola 2009], implicit incompressible SPH (IISPH)
[Thmsen et al. 2013], and divergence-free SPH (DFSPH) [Bender and
Koschier 2015]. These methods, in essence, iteratively project the
intermediate (also known as predicted) velocity onto the density
constraint manifold, often using the first-order approximation, i.e.,
linearization, of the constraint function.

Solving the PPE is typically performed using the PRJ method.
However, the underlying Jacobi method often suffers from inherent
slow convergence. The under-relaxation is widely adopted to ensure
numerical stability [Band et al. 2018; Gissler et al. 2019; Ihmsen et al.
2013], yet it restricts the fast projection of the solver.

This paper tackles the stability and convergence issues of the
PPE solver, introducing an implicit velocity projection method. We
first interpret the velocity update of prior PPE solvers as an explicit,
fixed-point iteration and modify it into an implicit one. This enables
significant over-relaxation, thus the velocity is stably projected to-
ward the feasible state much faster. Unlike prior projection methods
iterating PRJ steps until convergence, our formulation defines a
sequence of subproblems, each being solved using an efficient itera-
tive linear system solver. The sequence of velocity updates driven
by the solution of each subproblem, then, incrementally projects

SA Conference Papers 26, December 01-04, 2026, Kuala Lumpur, Malaysia.


https://orcid.org/0009-0001-6235-7086
https://orcid.org/0009-0004-0056-2801
https://orcid.org/0009-0002-4249-0979
https://orcid.org/0000-0002-4139-9308
https://orcid.org/0000-0001-6438-2974
https://doi.org/10.1145/3829340.3842220
https://orcid.org/0009-0001-6235-7086
mailto:minh702@korea.ac.kr
https://orcid.org/0009-0004-0056-2801
mailto:ajhh98@yonsei.ac.kr
https://orcid.org/0009-0002-4249-0979
mailto:rhth52@korea.ac.kr
https://orcid.org/0000-0002-4139-9308
mailto:kiwon.um@telecom-paris.fr
https://orcid.org/0000-0001-6438-2974
mailto:jhan@korea.ac.kr
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3829340.3842220

2« Min Hyung Kee, Jinhyung Ahn, Sehyun Park, Kiwon Um, and JungHyun Han

the velocity state onto the density constraint manifold linearized in
velocity. Thanks to the implicit nature, our new formulation leads
to significant improvement in convergence rate and performance,
presenting superior stability over the prior solvers.

2 Related Work

SPH simulations for incompressible fluids typically involve a set
of steps. Among others, enforcing incompressibility has received
significant attention due to its crucial role in producing realistic
fluid motion. Depending on how the incompressibility condition
is formulated and which primary variables are updated during the
solution procedure, we identify two major branches of incompress-
ibility solvers: velocity-based and position-based. As our study targets
the incompressibility solver in SPH, we will focus on the two below.
For other parts, including viscosity [Solenthaler and Pajarola 2009;
Takahashi et al. 2015; Weiler et al. 2018], surface tension [Akinci
et al. 2013b; Jeske et al. 2023; Probst and Teschner 2024], and inter-
actions with solid boundaries [Akinci et al. 2013a; Band et al. 2018;
Bender et al. 2023], we refer to the comprehensive survey on SPH
for computer graphics by Koschier et al. [2022].

Velocity-based methods. Since the seminal work of SPH for in-
teractive applications [Miiller et al. 2003], a wide range of incom-
pressibility solvers has been developed for SPH. One of the earliest
formulations is a penalty-based method, deriving pressure forces
from an equation of state (EOS) and integrating them explicitly in
time, as in weakly compressible SPH (WCSPH) [Becker and Teschner
2007]; however, the required high stiffness for desired incompress-
ibility makes such methods highly sensitive to the timestep size. To
overcome this limitation, projection-based methods, coupled with
implicit time integration, solve the PPE that projects the velocity
onto the constant density manifold linearized in velocity. Within
this family, PCISPH [Solenthaler and Pajarola 2009] approximates
the projection through pressure corrections scaled by a precom-
puted factor, while IISPH [Thmsen et al. 2013] formulates a sparse
linear system for pressure and solves it using PRJ. DFSPH [Ben-
der and Koschier 2015] builds on the same PRJ-based PPE solver
and exploits a secondary solve that enforces a divergence-free con-
dition, improving convergence and stability. Recently, Probst and
Teschner [2023] adopted a non-smooth nonlinear conjugate gradient
scheme [Silcowitz-Hansen et al. 2010] that wraps PRJ to accelerate
the pressure solve. Note that velocity-based methods exploit density
constraints linearized in velocity; in other words, particle positions
are fixed during the iterative projections per timestep. In this way,
the density and its gradient are evaluated once at each simulation
step, keeping each iteration cheap. However, as the timestep size
grows, such a linearization potentially becomes a poor approxima-
tion of the end-of-step density, thus limiting the admissible timestep
size. Our implicit velocity projection formulation is motivated by
those limitations, aiming to improve stability in larger timestep sizes
and efficiently enforce a strict incompressibility condition.

Position-based methods. Position-based fluid (PBF) derives the
projection step for the constant density constraint using the par-
ticle positions [Macklin and Miiller 2013]. This method directly
updates particle positions during the iterative projections of the
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solver. Here, the density and its gradient are recomputed every it-
eration, thus introducing additional per-iteration overhead, while
maintaining superior stability even at large timestep sizes. In sub-
sequent studies, as in projective fluids (PF) [Weiler et al. 2016], the
incompressibility problem is reshaped as a penalty-based energy
minimization problem on positions; consequently, the solver aims
to search for a balance between advection and projection. PF uses
local position projection as the per-particle step of its solver, for-
mulating a stiff quadratic energy that penalizes position deviation
from the locally projected positions. More recent methods construct
the energy directly from the density deviation itself and solve the
resulting nonlinear minimization either via semi-implicit successive
substitution [He et al. 2025] or exploiting second-order information
for improved stability [Diaz et al. 2025].

3 SPH for Incompressible Fluids

We focus on SPH simulations of incompressible fluids, whose gov-
erning equations, i.e., the incompressible Navier—Stokes equations,
consist of the continuity equation and the momentum equation:

D
_,0:0 — V.v=0, (1)
Dt

2 Vp+ Vv +f @)
P = VP K :

where % denotes the material derivative, p is the density, v is the
velocity, p is the pressure, p is the dynamic viscosity, and f is the
external force.

To solve Egs. (1) and (2), SPH typically takes the Lagrangian spec-
ification and discretizes the fluid domain with particles. A physical
quantity at the position of particle i, i.e., x;, is, then, evaluated as:

m
A=) p—}’ AjW(x; - x;,h), 3)
J

where m; and p; are the mass and density of particle j, respectively,
and W (-, h) is a smoothing kernel with support radius h. We will,
henceforth, denote W (x; — x;, h) as Wj; for notational simplicity.

Spatial derivative operators such as gradient, divergence, and
Laplacian can be derived based on Eq. (3), and many variants of
these operators have been proposed. For a detailed discussion of
practices for various spatial derivatives in SPH, we refer to the
survey by Koschier et al. [2022].

4 Constant Density Solver

This section reviews the iterative constant density solver, which is a
governing concept of many SPH variants. This solver aims to find the
global pressure force vector and eventually the velocity state vector
update addressing the density error, i.e., particularly compression.
We revisit a common particle-wise formulation practice and discuss
the solver’s procedure in global state vector representation, which
motivates our extension in Sec. 6.

4.1 Pressure Force

One of the fundamental quantities in SPH is the density. Following
Eq. (3), the density at x; is evaluated as

pi = Z m;Wi;, 4
J



which gauges local compression and drives introducing pressure
forces that resolve the deviation from the rest density py.
Given the density value in Eq. (4), the pressure can be computed

using an EOS, e.g.,
\Y
Pi:Ki& ((&) —1), (5
Y \\Po

where k; controls stiffness and y is an exponent constant. We focus
on a special case with y = 1, which is commonly used in computer
graphics [Bender and Koschier 2015; Desbrun and Gascuel 1996]:

pi = ki(pi — po). (6)

It is worth noting that x; can be handled as unknown particle-wise
pressure coeflicients and hence solved to enforce constant density
[Band et al. 2018; Thmsen et al. 2013].

Adopting Eq. (6), the symmetric pressure force exerted on parti-
cle i sz € R3 can be written as [Bender and Koschier 2015]

P Mg, — _m, (5L 5 yw,
f! o Vpi ml;mj (pi + pj)vw”. 7)
Global-vector representation. Let us denote the density evaluation
of Eq (4) as a function of the global position state vector, which
stacks all of the N particle positions (i.e., x € R3N). This leads to
a density function p;(x) : R3N — R. Then, the pressure force in
Eq. (7) is denoted in the global-vector representation, f? € R3V as

S mi (9pi(x)\"
fpz_zkipi(X) (T) ’ ©

i=1

where apr(x) € RSN s the density gradient with respect to the
global position state vector; see Appendix ?? for the derivation. It is

-
worth noting that the k-th 3 x 1 block of (a’g—}((x)) can be naturally

given in the particle-wise form as

Ipi ' _
IXj B

Now;, the pressure force in Eq. (8) can be written compactly in the
global-vector representation as

fP = -]V, (10)

2imiVWi, k=i,
-m; VW, k=], ©)

0 otherwise.

where J € RN*3N gtacks the row-wise density gradients (i.e.,

Ji = a’g—}((x)), k € RY stacks the particle-wise coefficients k;, and
V € RV*N is a diagonal matrix with each entry being volume (i.e.,
Vii = 71).

4.2 Density Prediction

The semi-implicit Euler integration gives the updates of global state
vectors for both position x € R*N and velocity v € R*N as
v(t + At) = v(t) + MM (fP + £ (1)), (11)
x(t + At) = x(t) + Atv(t + At), (12)
where At € Ris the timestep size, M € R3NX3N is the block-diagonal
mass matrix, f? € R3N aggregates non-pressure forces (such as
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viscosity, surface tension, and external forces), and f?(t) is the
pressure force evaluated at time ¢.
Replacing f?(t) in Eq. (11) with Eq. (10) yields

v(t +At) =v* — AtM™1J TV, (13)

where v* = v(t) + AtM™'f"? denoting the intermediate velocity.
Here, note that J and V are evaluated at time ¢ using particle densities
and corresponding gradients.

With the position update in Eq. (12), on the other hand, the density
of particle i at time ¢t + At can be predicted using a first-order

expansion as
pi(x(t + At)) = p; (x(t) + Atv(t + At))
~ pi(x(1)) + v (t + Ab). (14)

Let us stack each particle density p;(x) € R and denote the global
density state vector as p € RN, Then, the density prediction is

p(x(t + At)) = p(x(t)) + AtJv(t + At). (15)
Substituting Eq. (13) into Eq. (15) finally yields
p(x(t + At)) = p* — AEJM™ 1TV, (16)

where p* = p(x(t)) + AtJv* denoting the intermediate density.

4.3 Enforcing Constant Density

The incompressibility condition typically leads to solving for the
pressure force that resolves density deviation. To this end, we can
define the constant density condition, i.e., p(x(t + At)) = p,, where
py € RN stacks the rest density, i.e., p, = pol with 1 € RN being
the all-ones vector. Enforcing the condition on the approximation
of the density prediction in Eq. (16) yields the PPE:
P — Py

Az (17)

Since V has positive diagonal entries (i.e., V;; = % > 0) and the

M7 TVk =

pressure force depends on Vk (as in Eq. (10)), we can introduce a
scaled unknown A = Vk and solve the equivalent system, instead:
o)

Az (18)
However, the system in Eq. (18) allows A; < 0 for particles that are
deficient in neighbors. This causes the well-known tensile instability
problem, which produces undesirable attractive pressure forces that
pull particles toward each other, e.g., near the free surface. To remedy
this, many SPH variants adopt PRJ, which iteratively updates A via
relaxed Jacobi iterations and clamps negative values to zero (i.e.,
enforcing A > 0) [Band et al. 2018; Thmsen et al. 2013; Probst and
Teschner 2023].

OM™JT) A =

Constrained optimization. Solving Eq. (18) using PRJ and enforc-
ing A > 0 can be described as solving the following constrained
optimization problem for velocity:

1 2
i —|lv(t + At) —v*
Rin o lIv( )=Vl
sit. c(x(t)) + AtJv(t + At) < 0.

(19)

Here, ¢(x) = p(x) — p, is the constraint function and J = Vye(x(2))
is the Jacobian of the constraint function, which is equivalent to
the density gradient in Eq. (10). Solving the optimization problem
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of Eq. (19) means projecting the intermediate velocity v* onto a
velocity state feasible for the density constraint linearized in velocity,
as c(x(t + At)) =~ c(x(t)) + AtJv(t + At), in the M-metric. For
notational simplicity, we will henceforth let ¢ and v denote c(x(t))
and v(t + At), respectively.

5 Explicit Velocity Projection

The constrained optimization problem of Eq. (19) can be solved using
PRJ; this method is adopted for IISPH [Thmsen et al. 2013]. Alterna-
tively, we can decompose the constrained optimization problem of
Eq. (19) into a sequence of subproblems as follows:

1
arg min5||vl+1 VI3 st c+Agviti <o, (20)

vitl

where the superscript [ denotes the subproblem index and v° = v*.
Then, in each subproblem, a single PR] iteration is performed:

f=c+ At]vl, (21)
I_ 9 1,1

A= A_tZD (1), (22)

vt = vl o AMTIgTAL (23)

Here, r! is the global constraint residual vector, A’ is the correspond-
ing Lagrange multiplier,and D = diag (JM™'J ") +6I, where § = 107°
to prevent division by zero; note that D (€ RVN*V) is evaluated once
at every frame. ¢(-) : RN — RN denotes the clamping operator
that can be defined component-wise as ¢(r;) = max(r;, 0), which is
evaluated at every iteration, and w is the relaxation parameter. It
is worth noting that Egs. (21)-(23) perform a single projection step
in velocity, via an explicit fixed-point update (see Appendix ??). We
therefore refer to this scheme as explicit velocity projection.

6 Implicit Velocity Projection

The relaxation parameter o in the explicit velocity projection has
been widely set to a conservative value of 0.5 since it presents a good
trade-off between convergence speed and numerical stability [Band
etal. 2018; Gissler et al. 2019; Ihmsen et al. 2013]. However, this limits
the convergence speed. In this section, we propose our extension
to an implicit formulation, i.e., implicit velocity projection, which
permits a much larger value of w > 1, significantly improving
stability and performance.

6.1 Linearization

Let us denote the Lagrange multiplier A in Eqs. (21)-(22) as a func-
tion of the velocity state vector, i.e., A(v!) : R3N — RN:

AV = %D-lq)(c + ALV, (24)

The explicit velocity update formula of Eq. (23) is then rearranged
as

M (v’“ - v’) + AJTAGD) =o. (25)

Naturally, its implicit formulation is derived by replacing v/ in A(v*)
of Eq. (25) with the unknown next velocity state, v/*1:

M (v’“ - vl) + AGTA = 0. (26)
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Algorithm 1 Implicit Velocity Projection

: Find neighborhoods.

: Compute non-pressure forces f”.

: Compute v* « v(t) + AtM™1f"P.

: Precompute c, J, and DL

Setv? « v* and [ « 0.

: Repeat the following while ¢*9 > np, (Eq. (30)):
Compute Av! using the matrix-free CG solver (Eq. (29)).
Set vi*l — vl + AVL.

Setl «—1I+1.

10: End repetition.

1: Update v(t + At) and x(t + At).

Nl I B = S T

—_

Introducing the velocity increment Av! = v**! — v!, we linearize

Eq. (26) using the first-order Taylor expansion as

MAV + AtJT (A(Vl) + % Avl) =0. (27)

vl

Applying the chain rule, the term %Lﬂ is derived as

oA ® __;0¢| or
Z = ZptZE D
vl Ar? j; 2OV (28)
1)
=—D'ZX| (Af)).
At? or rl( J)

Substituting Eq. (28) into Eq. (27) yields a linear system for Av’:

a
(M + wJTD*i’
ar

l _])Avl = —AtJTA). (29)
T

Here, ‘;—TL, is a diagonal matrix whose entries are defined using the
Heaviside step function with a small numerical threshold. Specifi-
cally, the i-th entry is 1 for active constraints where r; > 10712
and 0 otherwise. Although the Heaviside step function is non-
differentiable at r; = 0, this poses no issue, as ‘Z—‘Hr, remains fixed
while solving for Av’,

Projection stiffness. Our implicit formulation embeds the relax-
ation parameter o in the system matrix of Eq. (29), allowing w > 1.
Here, w weights the constraint term relative to the mass matrix,
thereby acting as projection stiffness. A larger w enables a stiffer
projection of each velocity update with the solution Av/, potentially
accelerating convergence.

Matrix-free conjugate gradient (CG) solver. Since M > 0 and
D! 3—? |r, is diagonal with non-negative entries, the system matrix
of Eq. (29) is symmetric positive definite, which allows an efficient
iterative solver such as CG. We adopt a matrix-free implementation
for the CG solver (see Appendix ??). For each frame, J, D~!, and the
term c used in A(v') can be precomputed once and reused across
the subproblems of our implicit velocity projection.

6.2 Termination Condition

Algorithm 1 outlines the complete procedure of our solver. Our
solver iteratively performs the velocity update using the velocity
increment as vi*! = vl + Av!, which we call outer iterations. The



outer iterations update the velocity state until the average density
constraint error c#% falls below a threshold:

N
1
eI — 5 Z max (c,- + At],—vl, 0) < 1po, (30)
i=1

where 7 is a user-specified tolerance that defines the acceptable
average error relative to py.

Unlike the explicit velocity projection, our solver includes iter-
ations of the CG solver for the linear system of each subproblem,
which we call inner iterations. The linear system solver also requires
a termination condition. Denoting the linear system of Eq. (29) at the
I-th subproblem as A!'Av! = b!, the termination condition is defined
as ||b! — AlAV!||? < Neg> Where 71, is the threshold of the CG solver.
Note that the accuracy of the linear system solver naturally affects
the performance of our solver. Although a tighter termination con-
dition (i.e., smaller ¢g) for the CG solver increases the number of
inner iterations, it significantly reduces the outer iterations, thus
leading to better performance overall.

7 Experimental Results

This section reports our experimental results. All experiments are
performed on an Intel i7 Gen 13 processor and an NVIDIA RTX
4090 GPU, with our method and the SPH variants implemented in
NVIDIA Warp [Macklin 2022]. Henceforth, we denote our implicit
velocity projection as IP and the explicit velocity projection as EP.
Unless otherwise noted, we adopt the following implementation
setups. Table. 1 summarizes the statistics of the experiments.

Implementation Details. The solvers adopt adaptive time-stepping
using the Courant-Friedrichs-Lewy (CFL) condition [Monaghan
1992] for which the CFL number is set to 0.4. The termination
criterion 7 in Eq. (30) is set to 1073, corresponding to an average
density error below 0.1%, which is a widely accepted tolerance in
many incompressible SPH implementations [Bender et al. 2026]. We
use the cubic spline kernel for SPH evaluations and the derivative
of the spiky kernel for the gradients; the support radius h is set to
twice the particle diameter. To accelerate neighborhood queries, we
adopt a uniform grid for the spatial hashing. We apply the artificial
viscosity of Schechter and Bridson [2012] and the surface tension
model of Akinci et al. [2013b]; additionally, more sophisticated
models [Jeske et al. 2023; Weiler et al. 2018] are employed in selected
experiments and noted. Boundary conditions are enforced using the
approach of Bender et al. [2023].

7.1 Projection Stiffness w

We first investigate the effect of the projection stiffness w on our IP
solver using a Fluid Pillar example, in which a fluid block of 100k
fluid particles is falling into a narrow rectangular container. This
scenario stacks the fluid particles vertically upon impact, producing
sustained compression under gravity and thus placing continuous
numerical stress on the pressure solver. Fig. 2-(a) shows representa-
tive snapshots of the example. We note that the converged results
with varying w values are visually indistinguishable.

Since w affects the condition number of the linear system for
each subproblem in Eq. (29), it influences the performance of the CG
solver. For varying « values ranging from under-relaxation (e.g., 0.5)
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Table 1. Statistics. “iter” and “time” denote the density solver’s iteration
count and elapsed time [ms], respectively, averaged per unit timestep. For
IP, “iter” shows outer (per unit timestep) and inner (per outer) iterations.
“~” indicates diverged simulation. Bold indicates the best performance in
each row.

(a) Scene configurations. “#f” and “#b” denote fluid and boundary particle
counts, respectively; r is particle radius [mm]; At is timestep size [ms],
which is used as the unit timestep size for performance measurement; and
n is density error threshold.

Scene #f #b r At n

Hollow Tree (Fig.1) 978k 1.75M 3 2 107*
Fluid Pillar (Fig.2) 100k 742k 3 2 1073
Dam Break (Fig.5) 97k 248k 2 8 1073
Stack (Fig.6) 315k 179k 3 4 107°
Small Fluid Pillar (Fig. 12) 40k 37k 6 & 1073
(b) Dam Break: Varying timestep size At.
IP (0 = 10) [ISPH DFSPH
At .
iter. . . . . .
. time iter. time iter. time
outer 1nner
2 201 552 10.03 9.06 6.62 6.67 4.90
4 231 811 15.19 2991 22.27 2094 15.22
6 392 788 25.26 - -
8 546 7.66 34.93 - -
(c) Stack: Varying density error tolerance 7.
IP (0 = 10?) [ISPH DFSPH
n iter. . . . . .
time iter. time iter. time

outer inner

1073 448 2155 157.24 37.42 79.65 27.87 59.53
107%  6.80 2240 283.39 - 133.82 282.11
1075 63.00 5.87 924.68 - -

(d) Fluid Pillar: Scalability.
1P (0 = 10) IISPH

DFSPH

# iter.

. time iter. time iter. time
outer 1nner

50K 2.0 5.84 8.0 155 6.8 102 4.5

100K 2.1 6.82 15.1 285 235 18.6 15.1
200K 3.3 693 39.6 549 826 382 572
300K 4.7 6.61 787 79.2 182.8 60.9 140.4
400K 6.0 6.46 131.1 101.8 292.0 84.0 240.4

(e) Fluid Pillar (Small): Comparison between IP and PBF.
IP (w = 10) PBF

At Time [s] iter.

. time iter. time
outer inner

8 0-10 532 933 17.38 104.12 34.60
16  10-15 - 404.35 137.21
24 15-20 - 760.28 255.49
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Fig. 2. Fluid Pillar. (a) Snapshots of the IP solver results (w = 10). Average
(b) outer iterations per unit timestep, (c) inner iterations per outer iteration,
and (d) elapsed time per unit timestep for varying .

to significant over-relaxation (e.g., 10%), the graphs in Fig. 2 show the
average numbers of both outer and inner iterations and the average
total elapsed time for our solver. As Fig. 2-(b) indicates, the larger
relaxation values, specifically w > 10, lead to faster convergence in
general, requiring only two outer iterations on average. Conversely,
the systems with larger w require more inner iterations as shown in
Fig. 2-(c). With the termination threshold for the CG solver 5, set to
107°, Fig. 2-(d) shows the average total elapsed time for varying o,
indicating w = 10 is optimal for this example. Analyzing the average
total elapsed time further in our experiments, we find w € {10, 10%}
empirically optimal and adopt them for all subsequent experiments.

Furthermore, we examine the effect of w on other solvers, compar-
ing IP, EP, and IISPH. Fig. 3-(a) shows close-up snapshots, captured
once the dynamics of the pillar example have stabilized. The density
error is visualized using a color mapping; red indicates higher error.
The typical relaxation of w = 0.5 performs well for both EP and
IISPH. However, when a larger relaxation of w = 1.0 is applied, EP
exhibits a noisy error distribution and suffers from severe temporal
oscillations. We note that IISPH explodes when w = 1.0, whereas IP
remains robust even with a much higher relaxation of w = 10.

Fig. 3-(b) and -(c) show the average outer iterations and elapsed
times, respectively, per unit timestep over simulation time for the
different solvers. Compared to the other solvers, our IP solver with
w = 10 significantly reduces the outer iteration count and maintains
a consistent iteration count without drastic fluctuations. Our IP
solver presents an average elapsed time of 15.1 ms per unit timestep;
the inner CG solver dominates the cost. Although this is higher
than the 13.3 ms recorded for EP with w = 1.0, EP suffers from
the instability drawbacks mentioned above. We note that IISPH
(26.5 ms) and EP with w = 0.5 (26.9 ms) exhibit nearly identical
performance; this can be attributed to the procedural similarity in
their numerical algorithms as discussed in Sec. 5. We will detail
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Fig. 3. Fluid Pillar. (a) Snapshots of the pillar base, where red indicates
higher density error. (b) Outer iterations and (c) elapsed time per unit
timestep over simulation time.
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our further evaluation on the performance of different solvers in
Sec. 7.3.

7.2 Inner CG threshold 7¢¢

Our IP solver requires an iterative linear system solver for each
subproblem, for which we employ a matrix-free CG implementation.
As discussed in Sec. 6.2, ¢, determines the accuracy of the solution
for each subproblem, thus influencing the performance of our solver.
Intuitively, the smaller 7., value results in more accurate solutions
for each subproblem at the cost of more inner iterations, while the
more accurate solutions generally lead to faster convergence on the
density constraint error.
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When 7, varies in the Fluid Pillar example, Fig. 4 shows its effect
on the performance of our solver in four aspects: (a) outer itera-
tion counts, (b) inner iteration counts per outer iteration, (c) total
inner iteration counts, and (d) elapsed times. The smaller thresh-
old generally leads to faster convergence as shown in Fig. 4-(a),
while increasing the inner iterations per outer iteration as shown
in Fig. 4-(b). Nonetheless, it does not significantly increase the total
inner iterations thanks to faster convergence as shown in Fig. 4-(c),
resulting in better performance as shown in Fig. 4-(d). Consequently,
all subsequent experiments adopt fcg = 107°.

7.3 Stability and Performance

We examine the robustness of our solver first across varying
timestep sizes, At, with a Dam Break example involving 97K parti-
cles. In this example, a static dragon-shaped obstacle is placed on the
floor, and a fluid column at a corner of the domain collapses under
gravity. To evaluate the stability limit beyond the CFL-constrained
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Fig. 7. Stack. Average density error of the IP solver results over simulation
time on varying 7.

adaptive time-stepping, we employ a fixed timestep integration.
Fig. 5-(a) first shows that IP, IISPH, and DFSPH with At = 4 ms pro-
duce visually similar results. The one-way interaction with complex
solid boundaries produces a significant amount of splashes, and
then they eventually stabilize as shown in Fig. 5-(b).

Fig. 5-(c) and -(d) show the average outer iteration counts and
total elapsed times, respectively, for the different solvers. Our IP
solver maintains stability even with a significantly large timestep of
8 ms at the cost of additional iterations for convergence. In contrast,
we observe that both IISPH and DFSPH fail to converge within 10*
iterations when At exceeds 4 ms, specifically at the first impact of
the fluid volume on the floor; consequently, their data points are
absent from the graphs.

We now vary the density error tolerance using 7 and examine
the solvers further with a Stack example. In this example, a pair of
dragon-shaped fluid volumes is emitted 25 times in a rectangular
container at every 0.5 seconds, resulting in 315K fluid particles in
total. This sequence of emissions places sustained stress on the pres-
sure solver as successive volumes of fluid accumulate. After the fluid
is stabilized, a narrower rigid box rapidly descends into the domain,
introducing additional severe stress on the incompressibility solver.
For this experiment, we adopt an implicit viscosity model [Weiler
et al. 2018] and an implicit surface tension model [Jeske et al. 2023],
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setting each of those coefficients to 0.05 and 500, respectively. Fig. 6
shows representative snapshots. Our solver effectively maintains the
average density error below the given tolerance as shown in Fig. 7.
We note that the tolerance values are tight enough, i.e., 5 < 1073,
and thus the results of them are visually similar.

Intuitively, a smaller 5 requires more iterations to converge. Ac-
cordingly, all the solvers take more iterations and longer computa-
tion times as n decreases, as shown in Fig. 8-(a) and -(b). The graphs
notably show that our IP solver robustly converges even when the
tolerance is significantly tight, e.g., c®9 < 107°py, whereas both
IISPH and DFSPH fail to converge within 10* iterations for the same
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size for different particle counts.

tolerance. When the tolerance is loosened to ¢*9 < 10™%py, on the
other hand, DFSPH converges too, with comparable performance.

Fig. 9-(a) and -(b) show the average outer iteration counts and
total elapsed times, respectively, per unit timestep over simulation
time when ¢® < 107%py. As shown in Fig. 9-(a), our IP solver
presents significantly consistent outer iteration counts, whereas
DFSPH shows oscillation with spikes, which correspond to the
frames where strong compressions occur. As shown in Fig. 9-(b), we
observe that our IP solver outperforms DFSPH in computation time,
particularly after approximately 21 seconds when the fluid particles
are stacked in a column and exerted by a continuous gravitational
force. We note that IISPH fails to converge within 10* iterations
after approximately 10 seconds when a pair of emitted fluid volumes
reaches the existing volume on the floor, leading to a challenging
compression.

We further investigate the solvers’ behaviors for the last frame
(i.e., att = 25s). Fig. 9-(c) and -(d) show changes in density error over
outer iterations and cumulative solve time, respectively. As shown
in Fig. 9-(c), our IP solver converges fast (i.e., requires fewer outer
iterations) until the density error reaches below 107> py, presenting
its advantage over DFSPH. While the stronger relaxation on IP
requires fewer outer iterations in general, the IP solver presents the
best performance when v = 100 instead of w = 1000 as shown in
Fig. 9-(d); note that the relaxation affects the inner CG solver.

Scalability. Given the improved stability and performance of our
solver, we examine its scalability on the Fluid Pillar example, varying
the number of fluid particles from 50k to 400k. Fig. 10-(a) illustrates
the relative scales of the different particle counts, and Fig. 10-(b) and
-(c) show the average outer iteration counts and average elapsed
times, respectively, per unit timestep of the different solvers. As
indicated in the graphs, the computational advantage of our solver
becomes more prominent as the simulation scale increases. For
example, when the number of particles increases eight-fold, the
elapsed time of our IP solver increases by a factor of 16, whereas
that of DFSPH (the second best) increases by a factor of 53. We also
underline that, unlike the other methods, our method presents a
marginal increase in outer iterations, indicating a significant po-
tential for further performance improvement with a more efficient
inner solver for linear systems.
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Showcase. Fig. 1 showcases our method with a Hollow Tree ex-
ample, where fluid particles are continuously emitted up to 978k
inside the tree-shaped boundary, represented using 1.75M boundary
particles. The gradually increasing hydrostatic load makes incom-
pressibility enforcement progressively more demanding, and the
complex boundary geometry makes its resolution significantly chal-
lenging. Here, we adopt the viscosity [Weiler et al. 2018] and surface
tension [Jeske et al. 2023], setting their coefficients to 0.1 and 100,
respectively. On average, our IP solver requires 4.39 outer itera-
tions per unit timestep and 35 inner iterations per outer iteration,
resulting in 811 ms per unit timestep. Although not presented, we
note that DFSPH requires 277 iterations per unit timestep, resulting
in 1515 ms per unit timestep. This result highlights the superior
efficiency of our method in handling challenging scenarios.

7.4 Comparison to PBF

In contrast to velocity-based methods, PBF formulates the constant
density problem based on particle positions. The PBF solver per-
forms iterative projections directly on positions rather than veloci-
ties. Each iteration updates the constraint values and their gradients;
thus, PBF is well-known to be robust in terms of stability with large
timestep sizes while requiring significant per-iteration overhead
[Koschier et al. 2022].

We first examine the small timestep size regime in the Fluid Pillar
example introduced in Sec. 7.1, comparing PBF with EP and IP. As
shown in Fig. 11-(a), PBF and EP require comparable outer iteration
counts, reporting 28.6 and 28.2 on average, respectively. However,
the elapsed time for PBF, as shown in Fig. 11-(b), is 54.8 ms per
frame, about twice the 26.8 ms of EP, and about 3.6 times the 15.1 ms
of our IP solver. While stability is not an issue for all solvers at this
timestep size, the per-iteration overhead of PBF accounts for this
performance gap.

We next examine the large-timestep regime, where the robust
stability of PBF becomes particularly advantageous. To evaluate
our IP solver in comparison to PBF, we configure Small Fluid Pillar
example and employ fixed time stepping with a prescribed schedule:
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Snapshots of the two solvers’ results for different At values. (b) Average
density error, outer iterations, and elapsed time, from top to bottom, over
simulation time as At increases during the simulation.

At = 8 ms fort € [0,10] s, At = 16 ms for t € [10,15] s, and
At = 24 ms for t € [15,20] s. The density error tolerance is set
to ¢® < 1073p, for both solvers, and Fig. 12-(b)-top confirms
that this tolerance is met throughout the simulation. We use an
under-relaxation value of @ = 0.5 for PBF as in the typical PBF
implementation [Macklin et al. 2014]. As Fig. 12-(a) shows, PBF
exhibits remarkable stability even in the regime of At = 24 ms, while

SA Conference Papers 26, December 01-04, 2026, Kuala Lumpur, Malaysia.



10« Min Hyung Kee, Jinhyung Ahn, Sehyun Park, Kiwon Um, and JungHyun Han

our IP solver becomes unstable when At is increased to 16 ms. On
the other hand, Fig. 12-(b)-middle and -(b)-bottom report the outer
iteration count and elapsed time, respectively, per unit timestep
over simulation time when At = 8 ms. In this timestep size regime,
our IP solver demonstrates clear computational benefit over PBF;
on average, IP requires 17.38 ms per unit timestep, whereas PBF
requires 34.60 ms. We note that, when At = 24 ms, PBF requires
over 760 outer iterations per unit timestep. Accordingly, the two
methods occupy distinct regimes with a trade-off between stability
and efficiency: IP is faster within the stable timestep size range,
while PBF retains robustness at much larger timestep sizes at the
cost of additional overhead.

8 Discussion and Limitation

Optimal projection stiffness value. Our IP solver remains stable
across a wide range of w values, even with significantly large values.
As discussed in Sec. 7.1, we find w € [10, 10?] effective across the
scenes examined. This recommendation, however, may not be opti-
mal. As w affects the linear system at each given frame, the optimal
o value is inherently dependent on the state of each frame and thus
may vary across frames or even across outer iterations within a
single frame. Finding the optimal value of w for a given problem
is underexplored in the current study. Nonetheless, our IP solver
consistently demonstrated superior performance with the identified
empirical range of w as discussed in our experiments.

Preconditioning for CG. Our IP solver involves the inner CG solver.
Thus, it may result in overhead, particularly when the given sce-
nario can be resolved more efficiently with other solvers. A common
practice to improve efficiency is preconditioning, which enhances
the system’s condition and thus accelerates convergence. However,
we observed that a simple Jacobi preconditioning yielded no signifi-
cant performance gains in our experiments. We tentatively attribute
this to the structure of the system matrix in Eq. (29): D! normalizes
the density gradient J, and the Heaviside entries in o¢/ar filter out
inactive components. This suggests that the system is reasonably
well-conditioned by construction. This view is consistent with Ta-
ble 1 as the inner CG iteration counts per outer step stay small across
all scenes. Nonetheless, a more comprehensive investigation into
advanced preconditioning methods remains an interesting avenue
for future work.

9 Conclusion and Future Work

In this work, we have demonstrated how to enhance the stability
and performance of incompressible SPH fluid simulations through
an implicit velocity projection method. We reinterpret the projection
mechanism in conventional PR] variants, which solve the constant
density (i.e., incompressibility) problem, as an explicit fixed-point
update for a constrained optimization problem and extend it to an
implicit counterpart. This extension allows the solver to use substan-
tially large relaxation values, which in turn yield fast convergence
and improve computational efficiency, while maintaining stability.
Our comprehensive experiments, investigating solver’s robustness
across varying timestep sizes, density-error tolerances, and particle
counts, demonstrate the strength of our method over representative
SPH fluid solvers.
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The two limitations discussed in Sec. 8 naturally suggest future
work. First, the relaxation parameter o is fixed during the simula-
tion in the current method, whereas the optimal value may vary
with simulation state. Investigating adaptive mechanisms for deter-
mining the optimal o is, therefore, a promising direction for future
research. Second, since the inner CG solver is the main bottleneck
of our method, adopting advanced linear system solvers and effec-
tive preconditioning techniques, such as multigrid methods, could
further enhance performance. Furthermore, we plan to extend our
implicit projection method to various simulation domains, such as
collision handling for deformable solids.
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